We study a family of hereditarily just infinite profinite groups obtained by iterated wreath products introduced by J. Wilson in 2010. We find explicit generators for this family in a number of cases using combinatorial methods. We then discuss determination of the lower rank for this family. Finally we examine whether the groups in this family admit a finite profinite presentation.
1 Introduction and summary of results
Introduction
Profinite groups are a very rich topic and their study sheds light on many problems in mathematics. However one of the main issues about working with profinite groups is the lack of explicit examples, in particular this is the case in the study of just infinite profinite groups. The interest in research on these groups goes back to the late sixties with the work of G.Baumslag, D.J.McCarthy and J.S.Wilson. A characterisation of this class of groups was established in the work of Wilson [14] , it was extended by Wilson himself in [16] and by Grigorchuk in [4] , but until the appearance of [17] it was not known if a non-virtually-pro-p hereditarily just infinite profinite group existed. In this work we will present a generalised construction of this kind of groups, based on the ideas of [17, Construction A] .
Though the existence of this class of groups is important, there are really few properties that are known. Some of these groups are "large", in the sense that any finitely generated profinite group can be embedded in one of this large groups as proven in [17] . Furthermore, they are always two generated (see [8] ) and positively two generated apart from finitely many classes (see [10] ).
The principal focus of this work is to study generation properties in this new family of groups, deduce new results and fill the gaps in the knowledge about these examples.
Preliminaries

Permutational wreath product and exponentiation
All the actions will be right actions. Throughout e will stand for the identity element of a group. For a set X and an integer n, we will denote the cartesian product of the set X with itself n times as X n . For a set G and an integer n, we will denote the cartesian product of the group G with itself n times as G n . A permutation group is a couple (G, X) where X is a set and G is a subgroup of the symmetric group Sym(X), we will write G ≤ Sym(X). A permutation group G ≤ Sym(X) is called transitive if for every x, y ∈ X exists g ∈ G such that x g = y. Every permutation group can be seen as an abstract group and we will make the convention that any group-theoretical property of a permutation group refers to the group structure and not to the action of the said group, i.e. a simple permutation group is a simple group seen as a subgroup of some symmetric group. We will use the notation n = {1, . . . , n}. Two permutation groups A ≤ Sym(m 1 ) and B ≤ Sym(m 2 ) are said to be equivalent if there exist a isomorphism ϕ : A → B and a bijection f : m 1 → m 2 such that
for every a ∈ A and every x ∈ m 1 . Consider a group G and a permutation group H ≤ Sym(n). We can define an action of H on G n by the rule (g 1 , . . . , g n )
for g 1 , . . . , g n ∈ G and δ ∈ H. The group G n ⋊ H with the above action is called the abstract wreath product of G by H, in symbols G ≀ H. The homomorphism π from G n ⋊ H onto H, (g 1 , . . . , g n )h → h, is called the standard projection of the wreath product. The subgroup G n ≤ G ≀ H is called the base subgroup of G ≀ H, it is clear that also H can be seen as a subgroup of G ≀ H. We have the exact splitting sequence
where π is the standard projection of the wreath product and i 1 , i 2 are the inclusion maps from G n to G ≀ H and from H to G ≀ H respectively. When also G is a permutation group we can define two new permutation groups starting from the wreath product of G by H. Definition 1.1. Let G ≤ Sym(m) and H ≤ Sym(n) be permutation groups.
1. The permutational wreath product of G by H is the permutation group G ≀ H ≤ Sym(m × n) defined via the action (x, y) (σ1,...,σn)δ = (x σy , y δ ) for x ∈ m, y ∈ n, σ 1 , . . . , σ n ∈ G and δ ∈ H.
The exponentiation of G by H is the permutation group G
for (x 1 , . . . , x n ) ∈ m n , σ 1 , . . . , σ n ∈ G and δ ∈ H.
When there is room for confusion we will specify the set on which H is acting as a subscript of ≀ or ≀ ○.
In many books the action of the exponentiation G ≀ ○H on m n is called product action or primitive action of the abstract wreath product G ≀ H. The exponentiation of G ≤ Sym(m) by H ≤ Sym(n) is transitive if and only if the permutation group G is transitive. For other properties of the exponentiation we refer to [3] and references therein.
The following Lemmas are some technical tools that will be used in the forthcoming proofs. Lemma 1.2. Let G ≤ Sym(m) and H ≤ Sym(n) be permutation groups.
If G and H are perfect, then G ≀ H and G ≀
○H are perfect permutation groups.
If G is transitive and m, n > 1, then there are elements u and v in
m n such that St G ≀ ○H (u) = St G ≀ ○H (v).
Proof.
1. Extension of perfect groups is perfect.
2. If G is transitive, then it follows from the definition of exponentiation that G ≀ ○H is transitive. Since m > 1 we have 1, 2 ∈ m and since n > 1 there are i, j ∈ n and h ∈ H such that i h −1 = j. Assume without loss of generality that i = 1 and j = 2. Consider the elements u = (1, . . . , 1), v = (2, 1, . . . , 1) ∈ m n with ones in all the unspecified positions, then (1, . . . , 1) h = (1, . . . , 1) and (2, 1, . . . , 1)
and H ≤ Sym(n) be permutation groups. Then the subgroup H of the exponentiation G ≀ ○H acts trivially on the subset
In Section 2 we will have to deal heavily with generators of finite non-abelian simple groups. We will use the following result due to the work of many authors including Steinberg, Aschbacher and Guralnick. A filtration of a profinite group G is a descending chain of open subgroups of G which form a base for the topology at the identity. Definition 1.5. Let G be a profinite group. We say that G has finite lower rank ≤ r if there is a chain {G α } α∈A of open subgroups of G which forms a base for the topology at the identity and d(G α ) ≤ r. The minimum such r is called the lower rank of G.
Let H be a finite perfect group and fix a surjective homomorphism F → H with kernel R from an appropriate free group F . The Schur multiplier of H is the finite group R/[F, R].
Let G be a profinite group and N a normal subgroup of G. We say that N is normally generated in G by a subset R if
Summary of results
The following definition is a generalisation of [17, Construction A] . Definition 1.6. Let {m k } k≥1 be a sequence of positive integers. Let S = {S k ≤ Sym(m k )} k∈N , be a sequence of finite non-abelian simple transitive permutation groups. Define the new sequence of permutation groups G n ≤ Sym(m n ) as follows: set m 1 = m 1 , S 1 = S 1 and suppose that we constructed a permutation group G n with a transitive and faithful action on a set Ω n ; set m n = |Ω n | and consider the exponentiation of S 2n by G n acting on a set of cardinality m |Ωn| 2n . We define
and we choose a transitive and faithful action of G n+1 on a set Ω n+1 . Set m n+1 = |Ω n+1 |, we constructed G n+1 ≤ Sym(m n+1 ). The new sequence of finite groups G n forms an inverse system, since the groups G n are obtained performing wreath products. A generalised Wilson type group is the inverse limit of the groups G n . Sometimes we will write GW type groups for conciseness and we will denote the GW type group obtained from the sequence S with GW(S) := lim ← − G n .
For example, in the previous definition we can take the unspecified action to be always the exponentiation or the permutational wreath product of the groups in the sequence. These subfamilies of generalised Wilson type groups will be the main focus of Section 2, so we are going to state explicitly the definition of iterated exponentiation as well. Definition 1.7. Let S = {S k ≤ Sym(m k )} k∈n be a sequence of permutation groups. The iterated exponentiation S n ≤ Sym( m n ) of the sequence S is the permutation group inductively defined by m 1 = m 1 ,
is now an infinite sequence of permutation groups, we notice that the groups S k together with the standard projections S k+1 → S k form an inverse system of finite groups. We will call lim ← − S k an infinitely iterated exponentiation.
Applying [17, (2. 2)] to GW type groups one can see that these groups are hereditarily just infinite profinite groups and not virtually pro-p.
The paper is structured as follows. In Section 2 we will study the problem of finding explicit topological generators for these groups. As a consequence of [8] we have that the number of topological generators of a generalized Wilson type group is 2, but this result relies on the full power of the Classification of Finite Simple Groups and it does not provide an explicit set of generators. One of the goals of this work is to exhibit an explicit set of generators for particular classes of generalised Wilson type groups. In particular we find three explicit generators for infinitely iterated exponentiations of permutation groups and five explicit generators for a mixed case.
Theorem A. Let S = {S k ≤ Sym(m k )} k∈N be a sequence of finite non-abelian simple transitive permutation groups such that for every k ∈ N and i, j ∈ m k , St S k (i) = St S k (j). Suppose we always take
and the action of G n+1 to be the exponentiation of S 2n+1 by S 2n ≀ ○ Ωn G n . Then we exhibit 3 topological generators for GW(S).
We remind the reader that the GW type groups that appear in the previous Theorem are called infinitely iterated exponentiations.
Theorem B. Let S = {S k ≤ Sym(m k )} k∈N be a sequence of finite non-abelian simple transitive permutation groups such that for every k ∈ N and i, j ∈ m k , St S k (i) = St S k (j). Suppose we always take
) and the action of G n+1 to be the permutational wreath product. Then we exhibit 5 topological generators for GW(S).
It is important to say that the method used in the proof of Theorem A does not depend on the full power of the classification of finite simple groups (CFSG for short), it is a combinatorial argument. The only contribution from the CFSG is that there is an absolute bound on the number of generators of a non-abelian simple group. Moreover Lemma 2.3, which is the base for the proof of Theorem A, is a good estimate for the number of generators of iterated wreath products of non-simple perfect permutation groups, this will be shown in Lemma 2.1. In Section 2.3 we will deal with some special cases where we are able to determine explicitly two generators of GW type groups.
In Section 3.1 we address the problem of determining the lower rank of generalised Wilson type groups. The lower rank was first used in the study of p-adic analytic groups in [7] and then in the case of pro-p groups in [2] . Here we will extend the use of the lower rank to profinite groups, in particular GW groups. For any finite group G and any integer n we will denote by d n (G) the greatest integer such that the direct product of d n (G) isomorphic copies of G can be generated with n elements.
We are also convinced that some GW type groups have infinite lower rank and that there are GW type groups with arbitrarily large finite lower rank.
In Section 3.2 we will show that some generalised Wilson type groups do not have a finite presentation. Remember that we write M (G) for the Schur multiplier of a finite group G. A sequence S made only of alternating groups satisfies the hypotheses of the previous Theorem, this holds also for other families of finite non-abelian simple groups (see Remark 3.1). We do not yet know whether the hypotheses of Theorem D are necessary for a generalised Wilson type group to have no finite profinite presentation.
Explicit generators for GW type groups
Our strategy is to prove a stability Lemma for the number of generators of finitely iterated wreath products and deduce Theorem A from a standard argument for inverse limits of finite groups.
Stability Lemmas
The minimal number of generators of a finite group G is the natural number d(G) := min{|X| | X ⊆ G, X = G}. We will prove here the stability lemmas on which Theorems A and B rely on.
Note that if A is a perfect finite group then A N is perfect for every natural number N . Lemma 2.1. Let N be a natural number. Let A be a finite simple group and let B ≤ Sym(n) be a finite perfect permutation group. Then
. . , n and l = 1, . . . , N . For every number m ∈ {1, . . . , nd} there exist unique i ∈ {1, . . . , d} and j ∈ {1, . . . , n} such that m = n(i − 1) + j and the [n(i − 1) + j]-th column of M is the vector
Suppose by contradiction that N > |A| nd . Then, since the x i jl are elements of A, we would have that two rows of M are equal. Without loss of generality we can suppose that the first and the second rows are equal, in particular it follows that x j i1 = x j i2 for every i = 1, . . . , n and for every j = 1, . . . , d. Since the action of B just swaps rigidly the n N -tuples of (A N ) n , an element (y 11 , . . . , y 1N ) · · · (y n1 , . . . , y nN )τ of the subgroup generated by the γ j 's satisfies y 11 = y 12 . This is a contradiction with assumption that the γ j 's generate G.
Therefore N ≤ |A| nd and applying logarithms on both sides of the inequality we have
where the last equality holds by [13, Lemma 2] .
The bound obtained in Lemma 2.1 is a linear function in the number of generators of the group A N . Let S = {S k ≤ Sym(m k )} k∈n be a sequence of perfect permutation groups, in the sequel we are going to find an upper bound for the minimal number of generators of the iterated exponentiation of the sequence S which is linear in max{d(S k ) | k = 1, . . . , n}. Notation 1. In this section we will have to deal at the same time with tuples of different length, so it is convenient to introduce a subscript to specify the number of elements in a tuple. We will denote a m k -tuple in {1, . . . , m k+1 } m k as (i 1 , . . . , i m k ) m k . This notation will be convenient in particular when we will have to deal with m k -tuples where all the coordinates are equal, for example (1, . . . , 1) m k .
We will denote an element of the group S
. . , m}) and (H, {1, . . . , n}) be permutation groups. For (i 1 , . . . , i n ), (j 1 , . . . , j n ) ∈ {1, . . . , m} n we say that (i 1 , . . . , i n ) precedes (j 1 , . . . , j n ), if and only if it exists 1 ≤ l ≤ n such that i k = j k 1 ≤ k ≤ l − 1 and i l < j l . The relation "precedes" defines a total order on {1, . . . , m} n that we will call lexicographic order. Lemma 2.3. Let S = {S k ≤ Sym(m k )} k∈n be a sequence of transitive permutation groups and let d be an integer. Suppose that S k is perfect, at most d-generated and for every k ∈ n there exist elements i, j ∈ m k such that
Proof. Without loss of generality we can suppose that d(
. . , n, and order the elements of {1, . . . , m k+1 } m k with lexicographic order. Without loss of generality we can suppose that for every k ∈ n we have
We will now define d elements of S n that, together with the generators of S 1 , will form a generating set of S n . Define the elements β 1 , . . . , β d ∈ S n as β j = (α j (n), e, . . . , e) mn−1 · (α j (n − 1), e, . . . , e) mn−2 · . . . · (α j (2), e, . . . , e) m1 for j = 1, . . . , d. Note that the α j (k)'s are in the first place of the m k−1 -tuples, which corresponds to the element (1, . . . , 1)
We claim that A = S n . We will prove by induction on k that S k ≤ A for k = 1, . . . , n. Trivially S 1 = S 1 ≤ A. Suppose by induction hypothesis that S k ≤ A, we have to show that we can write any element of S k+1 as a product of the generators in A.
By the transitivity of S k there is an element t ∈ S k such that 1 t = 2 and by induction hypothesis the element σ := (e, . . . , e, t) m k−1 ∈ S m k−1 k belongs to A. By Lemma 1.3 it follows that for j = k, . . . , n
and from the definition of the exponentiation (1, . . . , 1)
Moreover, since S k ≤ A,
, it is clear that γ j ∈ A. Expanding the commutator = (e, α j (k + 1), e, . . . , e). Therefore
At this point we would like to write any element of the form (λ, e, . . . , e) m k in S m k k+1 as a word in the γ j 's. As S k+1 is perfect it will be sufficient to prove that we can write any commutator ([λ 1 , λ 2 ], e, . . . , e) m k as a word in the γ j 's.
By (1) there are s ∈ S k and r ∈ m k , r = 2, such that 1 s = 1 and 2 s = r. By inductive hypothesis µ := (e, . . . , e, s) m k−1 belongs to A. Let λ 1 , λ 2 ∈ S k+1 . Since the α j (k + 1)'s generate S k+1 , so do the α j (k +
. Thus the elements position (1, r, 1, . . . , 1) m k−1 and so we have (λ 1 , δ 1 , e, . . . , e) m k , (λ 2 , δ 2 , e 2 , e, . . . , e) m k · (λ 1 λ 2 , δ 1 , e, . . . , e, δ 2 , e, . . . , e) m k = = ([λ 1 , λ 2 ] , e, . . . , e) m k .
We just proved that for every λ ∈ S k+1 the m k -tuple (λ, e, . . . , e) m k is in A.
We would like to "move" the element from the first position to any other position. Remember that S k is transitive on {1, . . . , m k } m k−1 so for every
Thus, for every λ ∈ S k+1 , (λ, e, . . . , e) In the case of simple permutation groups we can improve slightly our previous result. Lemma 2.5. Let S = {S k ≤ Sym(m k )} k∈n be a sequence of simple 2-generated transitive permutation groups such that for every k ∈ n and every i, j ∈ m k
Then we exhibit a set of 3 generators for S n .
Proof. We will use a proof technique similar to the one used in Lemma 2.3. By [1, Theorem B] we can suppose that S k = α 1 (k), α 2 (k) .
We will now define the candidates for generators of S n . By Lemma 2.4, for k ∈ n, there exists σ k ∈ S k and 1 ≤ r k ≤ m k such that r
where the element α 1 (2) is in position r In the remainder of the proof we will write under each element its position in the respective tuple and we will write for short r j for (r j , . . . , r j ) mj−1 , r j ) mj−1 . Moreover we will write only the non-identity elements of group tuples, implying that the missing elements are the identity. In our new notation the element β will be written as
Set A := α 1 (1), α 2 (1), β , we claim that A is equal to the whole S n . We will prove that S k ≤ A for every k = 1, . . . , n, it is clear that S 1 = S 1 ≤ A. Suppose by inductive hypothesis that S k ≤ A, following the steps of Lemma 2.3 we will write every element of S 
for j = k + 1, . . . , n and by definition of exponentiation (r k , . . . , r k )
By (4) (α 1 (j)
for j = k + 1, . . . , n, where in the last m j−1 -tuple nothing has changed and by (5) (α 1 (k + 1)
Therefore
Consider the commutator γ = µ −1 , β ′ . Using what proved above we can expand the commutator
, α 2 (k + 2)
Simplifying all the possible terms in the previous expression we are left with
The group S k+1 is perfect, thus generated by double commutators. To conclude the proof it is sufficient to prove that for every x, y, w, z ∈ S k+1 the element
, there exist words w 1 , w 2 , w 3 and
and by definition of µ we have
An easy computation yields
The result now follows by induction.
From the finite case to inverse limits
In this section we will prove Theorems A and B. The minimal number of topological generators of a profinite group G is
In the previous section we proved a result for iterated exponentiations, but the objects we are really interested in are infinitely iterated exponentiations. Nonetheless it is easy to pass to the inverse limits.
Proof of Theorem A. It is a standard task to pass from a set of generators of all the finite quotients of a profinite group to a set of topological generators for the whole group (see for example [15, Proposition 4 
.1.1]).
We are now going to prove Theorem B. A result on the exponentiation of groups by Kalužnin, Klin, and Suščans'kiȋ will help us in the transition between iterated exponentiation of permutation groups and the mixed case.
Theorem 2.6. [5, Theorem 3.1] Let n 1 , n 2 and n 3 be integers and let A ≤ Sym(n 1 ), B ≤ Sym(n 2 ) and C ≤ Sym(n 3 ) be permutation groups. Then
are equivalent as permutation groups.
We now have all the instruments to prove Theorem B.
Proof of Theorem B. Define the permutation group
). With the notation of Definition 1.6 we claim that
by inductive hypothesis
and by Theorem 2.6
The claim now follows by induction. By [15, Exercise 1.6.8] it follows that
By Lemma 2.5 we can explicitly write down three generators for the groups H k = S 2k ≀ ○S 2k−1 , moreover by Lemma 1.2 every S 2k+1 ≀ ○S 2k satisfies the hypotheses of Lemma 2.3 with d = 3, hence we have five explicit generators for H k . It follows from [15, Proposition 4.1.1] that our set of generators for H k passes to a set of generators for GW(S).
Special cases
Theorems A and B are general results, but we could ask if it possible to find explicitly two generators, since [8] tells us that two is the minimal number of generators of any generalized Wilson type group. In this section we provide a method to find explicitly two generators for an infinite subfamily of generalised Wilson type groups.
Lemma 2.7. Let S = {S k ≤ Sym(m k )} k∈n , be a sequence of finite 2-generated perfect transitive permutation groups. Suppose that for every k ∈ n there exist two generators a k , b k of S k such that:
• fix(a k ) and fix(b k ) are non-empty,
• (|a 1 |, |b j |) = 1 and (|b 1 |, |a j |) = 1 for j = 2, . . . , n.
Then we exhibit two generators for
In the spirit of Lemma 2.3 define the following elements of m mi−1 i
for i = 2, . . . , n − 1. We will use the same notation as in the proof of Lemma 2.3 writing the position of an element in a tuple below the element itself. We claim that the elements β 1 = (e, . . . , e, a n u n−1 , e . . . , e) mn−1 · · · (e, . . . , e, a 3 , e . . . , e) m1 a 1 generate the group S n . Let A = β 1 , β 2 , we will prove by induction that S k ≤ A for k = 1, . . . , n. It follows from Lemma 1.3 and the definition of u i and v i that (e, . . . , e, a i , e . . . , e) mi commutes with (e, . . . , e, a j , e . . . , e) mj for i = j. Set p = 
for every j ≥ k + 1 and by definition of exponentiation
and v
Let us now consider the commutators γ i := [µ
Following exactly the steps of Lemma 2.3 we can use (8), (9), (10) The next Lemma is a special case of Theorem B.
Lemma 2.8. Let n be a integer and let S = {S k ≤ Sym(m k )} k∈n be a sequence of finite 2-generated perfect transitive permutation groups. Suppose that for every k ∈ n there exist elements a k , b k ∈ S k such that:
With the notation of Definition 1.6 suppose we always take
) and the action of G n+1 to be the permutational wreath product. Then we exhibit two generators for S 2n ≀ ○G n .
Proof. By the proof of Theorem B we have S 2n ≀ ○G n ∼ = H n , therefore to complete the proof it is sufficient to exhibit generators
which satisfy the hypotheses of Lemma 2.7. Consider u k ∈ fix(a k ) and v k ∈ u k ∈ fix(b k ). Let us define the following elements of for every l ∈ Z, thus |α k | = |a 2k+1 |·|a 2k | and |β k | = |b 2k+1 |·|b 2k |, so (|α 1 |, |β i |) = 1 and (|β 1 |, |α i |) = 1 for every i = 2, . . . , n. It remains to show that H k = S 2k+1 ≀ ○S 2k = α k , β k for every k ∈ n. Since (|a 2j+1 |, |a 2j |) = 1 for j ∈ n it follows that α and S m2j 2j+1 · S 2j = S 2j+1 ≀ ○S 2j = α j , β j as claimed.
We conclude this section with some examples of sequences of groups satisfying the previous lemmas.
Example 2.9. Let {m k } be a strictly increasing sequence of integers satisfying
and consider the alternating groups Alt(m k ) ≤ Sym(m k ). By [9] we can find two cycles a k , b k ∈ Alt(m k ) of length p k and q k respectively such that Alt(m k ) = a k , b k and by our assumption a k , b k satisfy the hypotheses of Lemma 2.7 and 2.8. [9] we can find two cycles a 2 and b 2 of length t 2 and t 1 respectively such that Alt(m) = a 2 , b 2 . We claim that there are two odd integers l 1 and l 2 , ⌊m/2⌋ < l 1 , l 2 ≤ m such that (l 1 , 3) = (l 1 , t 1 ) = 1 and (l 2 , |b 1 |) = (l 2 , p) = 1.
It is easy to see that (n, n + 4) = 1 for every odd integer n. We can choose l 1 = p + 12, in fact (p + 12, p + 8) = 1 and (p + 12, 3) = 1 because p is odd. Now, remember that |b 1 | is odd and |p − |b 1 || < m/2, p,
Let a 3 and b 3 be the cycles of length l 2 and l 1 respectively which generate Alt(m) by the main theorem of [9] . Let a 2k+1 = a 3 , a 2k = a 2 , b 2k+1 = b 3 and b 2k = b 2 for k ≥ 2. Then by construction a k , b k satisfy the hypotheses of Lemma 2.7 and 2.8.
Remark 2.1. Using the CFSG it has been shown that all finite non-abelian simple groups besides Sp 4 (2 n ), Sp 4 (3 n ), 2 B 2 (2 2n+1 ) and possibly other finitely many exceptions can be generated by an involution and an element of order 3, see [6, Corollary 1.3] for further references on (2, 3)-generation of finite non-abelian simple groups. A sequence of (2, 3)-generated groups satisfies the hypotheses of Lemma 2.7.
3 Other generation results for GW type groups
Lower rank
In this section we discuss the lower rank of a generalised Wilson type group, in particular we will focus on infinitely iterated exponentiations.
For every finite group G exists an integer n = n(G) such that d(
is the greatest number d for which the direct product of d copies of G can be generated by n elements. For example d 2 (Alt(5)) = 19.
If the groups in the sequence grow sufficiently fast then the infinitely iterated exponentiation obtained from the sequence has finite lower rank. Proof. We will define a filtration {N k } k≥1 of S with the required property. Consider the "congruence subgroups"
for k ∈ N. It is clear that these subgroups form a base for the topology at the identity. Notice that 
This shows that the lower rank of S is less than α.
The previous Theorem gives us a new family of profinite groups with finite lower rank, other than p-adic analytic and Γ-analytic pro-p groups and the Nottingham group.
We believe that there are also GW type groups with infinite lower rank. One strong candidate for this is the infinitely iterated exponentiation of the sequence {Alt(5) ≤ Sym(5)} with the natural action. We are also convinced that there are GW type groups of finite lower rank strictly bigger than 2, but a proof of this result has to involve an accurate study of the subgroup structure of GW type groups.
Presentation in GW type groups
Let G be a finitely generated profinite group. We can define a epimorphism F → G from the free profinite group F = F d and kernel a closed normal subgroup R. Let S be a set of generators for F and let R be normally generated by a subset R of R, then these data give us a profinite presentation of G and we write G = S | R .
Let {S n ≤ Sym(m k )} k∈N be a sequence of finite non-abelian simple groups and let G = lim ← − G n be the Wilson group obtained from the sequence. We aim to prove that G is not finitely presented when the number of generators of the Schur multiplier of the finite quotients of G grows to infinity, it is sufficient to show that the number of relations of the finite quotients G n tends to infinity as n tends to infinity. Proof. Let F = F 2 be the profinite free group of rank 2. By [8] we have that G is an epimorphic image of F with kernel some closed normal subgroup R of F . The number of relations in a presentation of G as quotient of F is the number of normal generators for R as a subgroup of F , we will write this number as r(G) = d 
as N tends to 1.
Remark 3.1. We would like to point out that the hypotheses of Theorem D are satisfied for most of the families of finite non-abelian simple groups with nontrivial Schur multiplier M (S). If S is a finite non-abelian simple group then its Schur multiplier M (S) satisfies on of the following conditions:
(1) |M (S)| is divisible by 2, then S is one of the following: Alt(n) for n ≥ 5; A n (q) for n and q such that 2 divides (n + 1, q − 1); 2 A n (q 2 ) for n and q such that 2 divides (n + 1, q + 1); B n (q), C n (q), D n (q), E 7 (q), 2 D n (q 2 ) for q power of an odd prime; A 1 (4), A 1 (9), A 2 (2), A 2 (4), A 3 (2), (2) |M (S)| is divisible by 3, then S is one of the following: Alt(n) for n = 6, 7;
A n (q) for n and q such that 3 divides (n + 1, q − 1); 2 A n (q 2 ) for n and q such that 3 divides (n + 1, q + 1); E 6 (q), 2 (3) M (S) is cyclic of order (n + 1, q − 1) if S = A n (q) and it is cyclic of order (n + 1, q + 1) if S = 2 A n (q 2 ) with n and q such that (n + 1, q − 1) and (n + 1, q + 1) are not one and 2 and 3 do not divide (n + 1, q − 1) and (n + 1, q + 1).
(4) M (S) is trivial if S is not one of the groups listed above.
Therefore a sequence of finite non-abelian simple groups {S k ≤ Sym(m k )} k∈N which contains infinitely many groups from (1) and (2) in the list above satisfies the hypotheses of Theorem D. We notice additionally that for every prime number p there is a group S p listed in (3) such that |M (S p )| = p. In particular, by Fermat's little Theorem p divides 2 p−1 − 1 and therefore |M (A p−1 (2 p−1 ))| = p.
We believe that no GW type group is finitely presented, but we do not have a proof of this general statement. 
